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Globally Stabilizing Saturated Attitude Control
in the Presence of Bounded Unknown Disturbances

Robert J. Wallsgrove* and Maruthi R. Akella®
University of Texas at Austin, Austin, Texas 78712

A smooth attitude-stabilizing control law is derived from which known limits on the control authority of the
system are rigorously enforced. Unknown disturbance torques, assumed to be of lesser magnitude than the control
limits, are included in the formulation. A smooth control signal containing hyperbolic tangent functions that rigor-
ously obeys a known maximum-torque constraint is introduced. The controller can be viewed as a smooth analog
of the variable-structure approach, with the degree of sharpness of the control permitted to vary with time accord-
ing to a set of user-defined parameters. Lyapunov analysis is employed to ensure global stability, and asymptotic
convergence of the angular velocity is guaranteed via the Barbalat lemma. Attitude errors, expressed as Euler
parameters, are shown via simulation to vanish whenever certain design parameters are selected appropriately,
and guidelines for selection of those parameters are provided in depth.

Introduction

IGID-BODY attitude control is one of the more widely stud-
ied application areas within nonlinear control theory, largely
because of its importance in robotics and spacecraft applications.
These applications invariably involve practical design aspects that
are difficult to include within theoretical studies but are nonethe-
less crucial to successful implementation of theoretical results. Two
such aspects are 1) actuator saturation limits, which can lead to se-
rious discrepancies between commanded input signals and actual
control effort, and 2) disturbance signals, which always exist when
knowledge of a system and its environment is incomplete.
Accounting for actuator saturation and/or external disturbances
in nonlinear control systems has been the focus of tremendous re-
search effort over the years. Extensive results pertaining to nomi-
nally linear systems containing actuator saturation nonlinearities are
presented in Ref. 1 and references therein. Lyapunov-based design
methods for robust nonlinear systems are developed in Ref. 2. One
popular technique for handling disturbances is variable-structure
control, which uses switching functions to attenuate disturbances,
often by driving the system to a stable sliding mode.? The dis-
continuous nature of variable-structure and sliding-mode control
designs is well known for exciting high-frequency unmodeled dy-
namics and for causing chattering, especially when applied to
physical systems that are modeled imperfectly. Avoiding these pit-
falls, commonly by using continuous approximations to switching
functions, inevitably creates tradeoffs between theoretical perfor-
mance guarantees and practicality.* Typical methods that account
for chattering, notably the introduction of a boundary layer, sac-
rifice their asymptotic stability properties by allowing continuous
control.3
Input saturation limits in spacecraft attitude control have been ad-
dressed in the literature by Tsiotras and Luo,’ Di Gennaro,® Junkins
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etal.,” Robinett et al.,} and many others. Of particular interest is the
recent work of Boskovic et al.? and of Akella and Kotamraju,'® and
Akella et al.!" This paper presents a robust extension of the scheme
introduced in Refs. 10 and 11, wherein smooth saturated control
inputs are developed that guarantee asymptotic stability in the ab-
sence of disturbance torques. It also presents a smooth alternative
to the controller in Ref. 9 with rigorous proof of various robustness
and stability properties that is absent in that paper.

In Ref. 9, a variable-structure approach is used in conjunction
with time-varying design elements to ensure global stability and
robustness to disturbance torques with magnitudes of known up-
per bound. The control scheme in Ref. 9 guarantees that angular
velocity error converges to the origin, whereas asymptotic conver-
gence of the attitude error is possible through judicious choice of
certain design parameters. What Ref. 9 lacks is theoretical proof
that the continuous approximation to the variable-structure con-
troller (via a boundary layer) retains the stability properties of
the underlying discontinuous scheme. In contrast, the formulation
in this paper uses continuous hyperbolic tangent functions, rather
than the typical switching functions of variable-structure control,
to guarantee boundedness of all closed-loop signals, convergence
of the angular velocity error, and conformity with saturation lim-
its. Furthermore, the control scheme developed here is flexible in
that the degree of smoothness of the control (i.e., maximum rate
of control input) is allowed to vary with time according to the
needs of the application. The controller is completely indepen-
dent of the inertia properties of the rigid body, a feature shared
with most attitude-stabilizing controllers including the result given
in Ref. 9.

The paper is organized as follows. The next section states the satu-
rated attitude control problem. A solution is then presented in three
parts: one that addresses the disturbance-free (i.e., nominal) case
and two others that apply when bounded unknown disturbances are
acting. Remarks on various novel aspects of the control scheme fol-
low. Next the results of numerical simulations demonstrate various
features of the proposed control law. Finally, the paper is completed
with some concluding comments.

The notation

3
lxlly = llx@®l = Z |xi (1)

i=1

where x(t) € R?, refers to the pointwise 1-norm of vectors eval-
vated at a given instant, regardless of whether the argument (z)
appears. The element-by-element hyperbolic tangent function is
defined as Tanh(x):= [tanh(x,), tanh(x,), tanh(x3)]”. Lowercase
italics are used for both real scalars and vectors in R?, and it is
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assumed that context distinguishes between the two cases wher-
ever explicit definitions are not provided. Uppercase italics are
used for the inertia matrix (J), Lyapunov candidate functions (V),
and collections of terms that are introduced for brevity [A, C,
and V,(7].

max

Problem Statement

Attitude dynamics for a rigid body, represented with the familiar
Euler parameters, are as follows'2:

Go=—3q"w, G =3(qow+ g x w)

Jo=u+d—-—wx Jw D

where ¢ (¢) and g((¢) are the attitude quaternion vector and quater-
nion scalar, respectively; w(f) is the angular velocity vector with
respect to an inertial frame; J is the inertia matrix of the rigid body;
and u(¢) and d(¢) are the control torque and disturbance torque,
respectively. All three components of the control signal are con-
strained by a common maximum magnitude, expressed by

i (D] < tma, vt > 0, i=1,2,3 @)
and it is assumed that the control signal strictly dominates the un-
known disturbance, that is,

|dl(t)| Sdmax < Umax, vt >0, i=1,2,3 (3)
Although state-dependent and time-varying saturation limits are of
interest, for simplicity d;,.x and u,,,x are taken to be constants in the
present formulation. Typical applications have a separate saturation
limit upmax) for each component u;, but a conservative common
saturation limit umex = min; [#max()] is adopted here to streamline
the analysis. The attitude stabilization control objective is to find u

subject to Eq. (2) such that for all initial conditions

qo — *£1, qg— 0, w—0 as t— o0 4)
Also fundamental to the control objective is that the control signal
u has a bounded time derivative u, so that possible excitation of
high-frequency unmodeled dynamics is limited.

Note that the Euler parameters g and g, are defined with respect to
an arbitrary nonrotating reference frame, and so the objective stated
in Eq. (4) is equivalent to that of a set-point regulation problem.

Throughout the paper it is assumed that perfect measurements of
q and w are available, whereas no knowledge of d other than dp.x

is assumed.

Control Law Formulation

Assuming that attitude and angular velocity are measurements
available for feedback, a control signal that satisfies Eq. (2) can be
given by the sum of a proportional attitude (position) feedback term
and a smooth switch-like mixed feedback term:

U=—PBitmxqg — (1 — B)ttmax Tanh[(w + kq)/ p*]
0 < :3 < (1 - dmax/“max) S 1 (5)

This control law is employed with an auxiliary time-varying attitude-
gain function k(z) that satisfies the following asymptotically stable
first-order dynamics:

k=—y(1 = B)itmaxq” {Tanh[(w + kq)/p*] + Tanh(kq/p*)}

—wnvek(a"q + va) (6)

where k(0) = kg is an arbitrary scalar, y; and y, are positive scalar
constants, and . is simply a scaling/conversion factor that allows
consistent physically meaningful units. In Eqgs. (5) and (6), p*(t) isa
nonzero scalar sharpness function that governs the magnitude of the
control rates and is discussed in the following subsections. The form
of Eq. (6) arises naturally from term cancellations in the Lyapunov
stability analysis that follows. Other than the stabilizing terms on

the far right, it is similar in structure to an analogous expression in
Ref. 9.

The closed-loop stability analysis that follows is divided into three
parts. Presented first is the stability proof for the disturbance-free
nominal case, in which the sharpness function p? is subject to certain
constraints and global asymptotic convergence is guaranteed. Next
the effect of disturbances on the nominal controller is investigated.
Finally a modified scheme is presented, in which the aforementioned
constraints on p? are relaxed, and certain stability and convergence
results are restored.

Part 1: Disturbance-Free Case (dyax =0)

In the absence of a disturbance torque, the control scheme in
Egs. (5) and (6) can be used with any upper-bounded continuous
sharpness function p? that is bounded above zero:

0 < prw < P* € La, peLlo (7
To establish that the resulting control scheme achieves the control

objective, consider the following decrescent and radially unbounded
Lyapunov function candidate:

V = 30" Jo+ Bumuxg”q + Bmn (1 — qo)* + (1/270k
= 10" Jo + 2Bumnx(1 — qo) + (1/2y)k* 8)

Differentiation of V with respect to time and substitution of
the attitude dynamics from Eq. (1) yields the derivative V =
@ (4 Bumaxq) + kk /. Because V is decrescent and has con-
tinuous first partial derivatives with respect to the composite state
[w?, g7, (1 —qq), k]", Lyapunov’s stability theory dictates that the
system is globally uniformly stable if this first time derivative is
nonpositive for all time.* When further evaluated along Egs. (5) and
(6), V can be written in terms of s = w + kq as

V =—(1 = B)utmuxls” Tanh(s/p?) + kq” Tanh(kq/p*)]

—vk*(¢"q +va) <0 ©)

which implies that V, w, and k are bounded for all time.

Because V is bounded and x tanh(|a|x) > O for all a and x, inte-
grating both sides of Eq. (9) with respect to time establishes inte-
grability of kg™ Tanh(kq/p?), and s” Tanh(s/ p?):

Vi — Vo < —(1 — ﬁ)umaxl:/ sTTanh<iz) dr
o p
%) , kq
+ | kg Tanh( L )ar| <0 (10)
o p

Note thatin Eq. (10) the symbols V,, = lim; _, o, V(t) and Vo, = V (0)
are used for brevity. Because the function s” Tanh(s/p?) is uni-
formly continuous and

*© s
/ sT Tanh<—2> dr
0 p

is finite, Barbalat’s lemma dictates that s = w + kg converges to the
origin'®:

sT Tanh(s/p?) - 0=s5 — 0 1)

Similarly, Barbalat’s lemma can be used to show kg also converges
to the origin because kg” Tanh(kg / p?) is uniformly continuous with
a finite integral, so that

w+kqg—0
1 } S w—0 (12)

kg — 0
At this point it remains to be shown that g — 0 as t — oco. Con-
vergence of kq to the origin in Eq. (12) leaves open the possibility
that k — 0 as r — oo while ¢ attains a nonzero value, which falls
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short of the stated control objective. To rule out this possibility, re-
call the constraints of Eq. (7), and consider the time derivatives of
. Boundedness of & can be shown as follows:

d=J"—-0oxJo—owxJo)

d
= _ﬂumaxq - (1 - ,B)umaxa Tanh(%)

d ; i\ L@ + kg + ki) p — 251
= tanh( 2% ) = sech?( = L@ + kg, + kdi)p = 25:P]
dr p? P2

0<p2 <p? d s;
o ,p“‘“.‘_p = | — tanh L € Lo
p,o, w4,k kel dt p?

=S WeLly) = (@eLly) (13)

Equation (13) shows that because p? is restricted to be bounded
above zero and uniformly continuous w is also uniformly contin-
uous. From Barbalat’s lemma, convergence of w to the origin and
uniform continuity of @ together imply convergence of w to the
origin, and so

(Jo—>0)= u—0)=(¢@—>0) 14)

Notice that this portion of the proof relies on the “leakage” term
Bumaxg in the control input of Eq. (5). Without it convergence of
q to the origin cannot be guaranteed because zero-valued u# and w
would not imply convergence of ¢ to the origin. With 8 constrained
to be nonzero and disturbance torques assumed absent, the attitude
can be regulated successfully through the use of Egs. (5) and (6)
and any sharpness function p? that satisfies Eq. (7).

Part 2: Effect of Nonzero Disturbance Torques

The next step is to determine the effect of disturbance torques on
the control law of Egs. (5-7). To do so, consider the same Lyapunov
function candidate as appears in Eq. (8), now subject to attitude dy-
namics containing an unknown disturbance torque d. Its derivative
is givenby V =’ (u +d + Bumuxq) + kk/y;, which, when Egs. (5)
and (6) are applied, can be rewritten as

V=Vi+V,+ Vs
Vi = (@+kq)" {d — (1 = B)itma Tanh[( + kq)/ p*1}
Vy = —kq" [d + (1 = B)ttmay Tanh(kq/p*) |
Vs = —yekq"q — vevak® (15)

To establish bounds on the terms in Eq. (15), once again let
s =w + kq, and consider the following inequality:

Vl =T |:d — (1 = Bumax Tanh(%>:|

3
Y s [d,- = (1= Bt tanh(s—;)]
p

i=1

3
Z Isi |
”Sllldmax - (1 _ﬁ)umax |S,‘|t'dllh(?>

i=1

3
j : Isi|
”S“]dmax - (1 — ﬁ)umax |S,’| taﬂh<;)

i=1

3
+(1 - ﬂ)um(z Isi| — ||s||1>

i=1

IA

= ”S”l[dmax - (] - ﬂ)umax]

3
+ (1= Blttmar Y {m[l —tanh(%)“ (16)

i=1

By isolating the last term of this inequality and using algebraic
features of the hyperbolic tangent function, one can introduce an
upper bound that depends solely on the function p2. Specifically, it
can be shown that for all real scalars x and all nonzero real scalars y,

0 < |x|(1 —tanh|x/y|) < a|y| an

where o is a positive constant with minimum value o*=
x*(1 — tanh x*) for x* satisfying e=>" + 1 — 2x* =0. A simple al-
gebraic analysis reveals that o* < e™!, where e is the base of the
natural logarithm. Using Eq. (17) in Eq. (16) with x and y replaced
by s; and p? respectively yields

Vi < —A%|Islli +3a(l = Bt p”

A?=(1 = B)ttmay — dmax > 0 (18)

where A% >0 as a result of the bounds on 8 given in Eq. (5). A
procedure similar to that of Egs. (16—18) applies to V;:

Vo < —A%|lkqlli + 3e(l — B)max P (19)
Substituting Egs. (18) and (19) into Eq. (15) reveals
V < —A(lo+kqll + lkqll) — vk*(q"q + va) + C*p*

C* =6a(1 — Bimax > 0 (20)

Notice that the first two terms in this upper bound are nonposi-
tive, whereas the last is strictly positive and linearly dependent on
the magnitude of the sharpness function p>. Notice also that the
negative terms in Eq. (20) decrease as ||w||;, |kg||;, and k? increase.
Because p? is upper bounded and the positive term has no depen-
dence on the state, one can establish a residual error set to which
llwlli, kglli, and k? must converge. Consider two upper bounds on
V that follow from Eq. (20):

V < —A(lo+kqlli + llkgll) + C*p*
< —A’|ol; + C*p? @b
V < —A’llkgll; + Cp? 22

From these bounds it is clear that V <0 for all |lo|; > C?A~%p?
and all [|kg|l; > C*A~2 p?. Whenever |o||; or |kq/||; become large,
the negative terms in Eq. (20) dominate, making V < 0 and draw-
ing the state toward the origin. When |wl|, and ||kq||; reach suffi-
ciently small values (determined by p?), the sign of V is indefinite,
and progress toward the origin cannot be guaranteed. These critical
sizes of w and kg represent the boundary of a residual error set to
which all trajectories will eventually converge; therefore, w and kg
are globally bounded. Furthermore ¢ is necessarily bounded by the
quaternion constraint ||g ||§ + q§ =1, and boundedness of k follows
directly from the expression for k in Eq. (6):

df1, T s kg
o Ek =—1(1 — B)umaxkq’ | Tanh F + Tanh F

—weve(va +q"q)k?
< Y230 = Btmac k| — vivevak®

2
< _)/k);cyd {kz _ |:2\/§(1 - ﬂ)umax] } (23)

YeVa

Equation (23) ensures that |k| decreases whenever it exceeds a cer-
tain critical value determined by the parameters of the problem.
Global boundedness of k and w is therefore guaranteed, but no
claims of asymptotic convergence can be made for either w or gq.

Notice that reducing the value of p? diminishes the size of the
aforementioned residual error set to which w and kg converge, which
brings the eventual state of the closed-loop system closer to the
origin. In the following section this feature is exploited to derive a
more effective sharpness function p? that allows better robustness
to disturbance torques.
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Part 3: Disturbance-Accommodating Modification

The preceding developments have shown that when the con-
straints in Eq. (7) are in place the addition of disturbance torques
prevents global asymptotic stability. Alternatively, the control in
Egs. (5) and (6) can be used with a sharpness function p? of the
form

t
PHO) = ple 7 C + ypyf/ exp[—y,C(t — o) ]k(0)’
0

x [¢(0) q(0) + ya] do (24)

which is nonnegative for all # >0 and nonzero for all finite ¢ pro-
vided p*(0) = p] is nonzero. Here y,, is a positive scalar constant.
The requirement that p? be strictly bounded above zero has been
removed, and p? in Eq. (24) can be easily identified as the solution
to the stable linear differential equation

d
3 P="1Cp" + v,k (a"a + va) (25)

Equation (25) motivates the choice for p? in Eq. (24) because it
allows important term cancellations in the Lyapunov analysis that
follows. The symbol p? has been used to make clear that the function
is nonnegative.

Now consider a modified decrescent and radially unbounded Lya-
punov function candidate and its first time derivative:

1 T 1 2 1 2
V=-o Jw_"zﬂumax(l —6]0)+—k +_P
2 2yi Yp

. - . rd ,
V=0 u+d+ Pumxqg) + —kk+ ——(p7)  (26)
Yk Yp dt
When Egs. (5) and (6) are applied, the Lyapunov derivative in
Eq. (26) can be algebraically rearranged in steps identical to those
employed in deriving Eq. (15), namely,

V= V] + Vz + V3
Vi =s"[d — (1 = B)itmay Tanh(s/p*)]
Vo = —kq" [d + (1 — B)ttmay Tanh(kq/p*) |

Vs = —6a(1 — B)tmax P’ 27

Repeating the steps of Eqs. (16-19) yields

Vi < sl [dmax — (1 = B)ttmax] + 3(1 — B)ttmax p°

Vs < kgl [dmax — (1 = Bttman] + 3a(1 — Blitmaxp®  (28)
sothat V < —A2(||w + kq|l; + lkg|1) <O0; therefore, V, w, k, and p

are uniformly bounded, which implies £, integrability of w and kq:

—A (Vo — vo)zf o+ kgl dt
0

o0 o0
+/ IIkQIlldIZ/ leolly dr (29)
0 0

Now ||w||; and || kq ||, are uniformly continuous functions with finite
integrals over [0 00), so that Barbalat’s lemma applies and

lim w=0, lim kg =0 30)

t— 00 11— o0

Notice that removing the lower-bound constraint on p? in Eq. (7)

has shrunk the residual error set just discussed to allow asymptotic
convergence of w and kg. Meeting the overall control objective
therefore reduces to showing that (kg — 0) = (¢ — 0), meaning
that k£ does not converge to zero unless g converges to the origin.
Although no explicit guarantee that ¢ converges can be made in
this case, it is clear that proper selection of ko, i, and y, can result
in k converging more slowly than ¢ does. The following section
discusses how to choose these parameters to increase the likelihood
that g converges to the origin as t — oo.

Discussion

Close inspection of the formulation described in Egs. (5) and (6)
illuminates several novel features of the both the original, that is,
Eq. (7), and the modified, that is, Eq. (24), control schemes.

Compliance with Saturation Constraint

The bounded nature of Euler parameters and the hyperbolic tan-
gent function (i.e., |¢;| < 1 and |tanh(-)| < 1), along with the chosen
bounds on the parameter 8, ensure that the control law in Eq. (5)
satisfies the saturation limits in Eq. (2):

|I/l,‘| =< |ﬁumaxqi‘ + i(l - IB)umax tanh(s,-/pz)|
= /Bumax"’(] _ﬁ)”maxzumux (31)

Role of Sharpness Function p?

Equation (5) makes clear the role of the sharpness function p?
in the controller operation. It appears in the denominator of the
argument of the hyperbolic tangent function, so that its value at
any given time determines how strongly the control varies with the
signal w +kq. If p? decreases, ||i|| can take on higher values so
that the control more closely resembles a switching function. In
the original scheme p? can be freely defined [respecting Eq. (7)]
according to the needs of the application. If errors are very small
or high control rates are allowable, then low values of p? can be
used; otherwise, increasing p? can temper the control response to
avoid high-frequency excitation. In the disturbance-accommodating
modified scheme, the sharpness characteristics of the control can be
set via selection of parameters p? and y,. Adjusting p2 changes
the rate of change of the control torque during the initial phases
of stabilization, in which angular velocity is typically largest. By
selecting y,,, one can choose how quickly the sharpness of the control
signal changes. It is important to observe Eq. (25) and note that p>
is the solution to a stable linear differential equation forced by the
bounded signals k2¢” g and k2, so that convergence of those signals
to zero can cause p? to approach zero over time. Note also that p?
appears in Eq. (6), where it determines how strongly k varies with
the angular velocity and attitude errors.

Role of Attitude Gain k

In both the original and modified schemes, the time-varying at-
titude gain k appears as a scaling factor on the attitude quaternion
vector, so that higher k values serve to shift the emphasis of the
control from w to g. This makes clear the importance of avoiding
convergence of k to zero while g is nonzero: zero-valued k implies
greatly diminished control response to attitude errors. Selection of
i affects how quickly k changes, while y, determines the relative
importance of the linear proportional term in Eq. (6). Note that the
term involving y, tends to drive k to zero, so that selection of small y,
values is typically preferable to large ones. Simulations have shown
that in most cases sufficiently large |ko| and/or sufficiently small
¥, and y, can be found which ensure that the attitude converges to
the origin in spite of disturbances (see the following section for an
example). Regardless of whether disturbances are present, proper
selection of these parameters is necessary to “tune” the controller
for acceptable performance.

Another important feature of k is that its derivative in Eq. (6)
contains the attitude error ¢, meaning that inclusion of dynamic
gain k increases the order of the closed-loop system from seven to
eight. Note that when errors are small the hyperbolic tangent terms
in Eq. (5) are approximately linear in their arguments, and if a con-
stant k = k is used the controller resembles a proportional/derivative
(PD) feedback scheme in which kj is the proportional gain. Instead,
the internal dynamics of k introduce an integrator effect that makes
u resemble a proportional/integral/derivative scheme, rather than a
simple PD. Inclusion of dynamic-state feedback in this manner is
well known to diminish steady-state errors and aid in disturbance
rejection in general set-point regulation problems that include pa-
rameter uncertainty and/or modeled disturbances.'* Advantages as-
sociated with using dynamic-state feedback are also apparent in
tracking applications that involve exogenous reference models.!?
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Role of Leakage Parameter (3

A leakage parameter § also appears in Egs. (5), the value of which
determines the relative importance of the direct attitude feedback
term and the switch-like hyperbolic tangent term. Lower 8 values
are generally more desirable than higher ones because V is bounded
above by negative terms proportional to (1 — 8). On the other hand,
in situations where k is prone to convergence to zero (e.g., small
|kol|, large y, and/or large y,) higher B8 values can shift the focus
of control toward the attitude error rather than the angular velocity,
which can help promote convergence of g in exchange for slower
overall closed-loop performance. Recall that the stability proof in
the disturbance-free case relies crucially on 8 being nonzero.

Continuity of Control Torque

Throughout the formulation the expression for the control torque
u and the differential equation for the attitude gain rate k remain
unchanged, so that the only difference between the solutions for
the disturbance-free and nonzero-disturbance cases is the nature
of the sharpness function p?. When external disturbances are ab-
sent, the control is effective with any upper-bounded p? provided
it is strictly bounded above zero. Requiring 0 < p2, < p* imposes
a rate limit on the control torque, which is advantageous in avoid-
ing high-frequency dynamic excitation. Although nonzero-bounded
disturbances do not cause instability in this scheme, asymptotic sta-
bility in the presence of disturbance torques hinges on allowing p?
to gradually approach zero over time, which admits the possibility
of infinitely fast changes in the control signal in the limit as t — oo.

When the sharpness parameter p? is allowed to approach zero, at
first glance it appears that the control in Eq. (5) is likely to excite
high-frequency modes when applied to flexible spacecraft. This is
not necessarily always the case because an important aspect of the
formulation is that the sum w + kq also approaches the origin, po-
tentially at a rate comparable to that of p2. The result is that although
the scheme has the capacity for infinite torque rates (in the limit as
t — 00) the control signal is only as sharp as it needs to be to coun-
teract the time-varying external disturbance. Note that at no point
in the stability proof is it assumed that the disturbance has bounded
derivative. To offset disturbances with high-frequency components,
the control torque must be able to change at least as rapidly as the
disturbance does, and the controller presented here (when properly
tuned) does not introduce high-frequency signals unless they are
already acting on the spacecraft through the disturbance.

What is most important is that # has possibly unbounded rates
only in the limit as t — oo, and the maximum rate of decay of p?
can be set via selection of various parameters, notably y,; therefore,
it is reasonable to expect acceptable torque rates throughout the op-
erational period of the controller given proper parameter selection.

Comparison to Variable-Structure Control

For very small 8, the controller presented here can be regarded as
analogous to a variable structure scheme in which the smoothness
of the control is allowed to vary with time. In nominal operation
(i.e., zero disturbances), the smoothness can be freely user defined
via the sharpness function p? to match the needs of the application,
provided upper and lower bounds are maintained. Successful distur-
bance attenuation (beyond mere stability) requires that p? satisfies
Eq. (24), but the sharpness function nonetheless contains free pa-
rameters that can be selected to tailor the smoothness of the control
to the needs of the user. This ability to adjust the degree of smooth-
ness of the control signal is a primary advantage of this control law
and a significant improvement from the variable-structure results in
Ref. 9 and elsewhere.

Simulations

To demonstrate the features of the control scheme in Egs. (5) and
(6), several simulations were performed with a standard explicit
Runge—Kutta % numerical integration scheme employing the algo-
rithm in Ref. 16. Relative and absolute error tolerances were set at
107 throughout the simulations.

The simulations are applied to a rigid spacecraft with the follow-
ing inertia matrix:

2 1 3
J=|1 19 2 |[kgm? (32)
3 2 25

The spacecraft can apply a maximum control torque u,,x =20 N m
about each axis. In the simulated scenario the spacecraft starts
with angular velocity w =[—90.0, 135, 67.5]7 deg/s, initially ro-
tated 73.74 deg about the axis [%, % —%]T, so that go =0.8 and
q=1[0.4,0.2, —0.4]7 at the simulation start time.

Figures 1-5 show the results of several simulations, the specific
features of which are described in the following subsections. Note
that in the bottom panes of Figs. 3 and 4 the following notation is

used for clarity:
Vo) = =A% (o + kgl + lIkgll) — vk*(¢"q +va)  (33)

The function Vn/f;() contains the negative terms in the upper bound
on V given in Eq. (20). Note also that units are not labeled in the
figures; instead, the standard units listed here have been used in all
plots: w, k (rad/s); u, d (N m); p? (s™'); 7 (s); u, V..) (N'm s,

Table 1 lists parameter values that are used in all simulations.

Nominal Performance

The roles of auxiliary functions k and p? are demonstrated via
Figs. 1 and 2 for the disturbance-free nominal case.

In the simulation shown in Fig. 1, the original controller of
Eqgs. (5-7) is applied twice with different sharpness parameters
(constant p?) to demonstrate the effect of changes in p?. An ini-
tial attitude gain ky =2 rad/s was used for both simulations shown
in Fig. 1.

Figure 1 shows how the value of p? affects the sharpness of the
control response: increasing p? smoothes the control signal and
decreases control rates but slows the closed-loop convergence rates.

Changing the design parameters associated with the time-varying
attitude gain k also affects how the controller in Eq. (5) performs.
Figure 2 shows the results of three simulations in which p? is fixed
at 1 s7! and ky is given three different values.

Table 1 Parameter values for Figs. 1-5

Parameter Value
o 0.2785
B 5% 107
Yk, rad kg~! m~2 1073
Yd 1075
Ve, Kg m? s~! 1
1 3 20
p°=0.2 ) p’=0.2 . pP=02
05 5 OhR
S ] U
A 1 < 3 S Of § et v et
R eu—— e I
v i -10¢ 1
=1n" ]
1
-0.5 -2 -20

p2 = 2 p2 = 2
"
: 100 .,
i v °
1 ) S 0] /€ VT et e
!';r':ri,-ﬁ'ﬂh-—l-—v- _,I:'J\.I "
f:,:' 3
1
4
0 10 20 10 20 30
t t

Fig. 1 Disturbance-free performance for two values of p2.
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Fig. 3 Original controller performance under constant disturbance
for two values of p2.
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Fig. 4 Modified controller performance under constant disturbance
(compare to Fig. 3).

Interpreted in the language of the classic second-order linear sys-
tem, a higher k value corresponds conceptually to a lower damping
ratio. When kj is increased, the emphasis of the control is shifted
away from the derivative term (i.e., w) and toward the proportional
term (i.e., ¢ ), which results in the “underdamped” oscillatory behav-
ior seen in the lower portion of Fig. 2. Likewise when kj is decreased
the closed-loop system exhibits the slow overdamped behavior ap-
parent in the top row of Fig. 2. Increasing ko provides an increased

Table 2 Parameter values for Fig. 5

Parameter Value

ko, rad/s 2

2 -1

Py 1
kg~ m~2 4x1073

Yp.Kg ~m s X

1 2 \
=~ 0.5 ~ IAYAY
s oRvN/ ?:'_'w--—.»—-.———_- 3 0 "._,’\_,:..\":4........._..__._..._-
-0.5[ \) _1phe
100 0 10 20 30 150 10 20 30
o £
S Fal S0 L e
-15 Sy
20 10 20 30 200 10 20 30
LA
1.9 TR
X 18 S 0 :S : :.'.‘i:'\'":- ’-c:'p'~ PN
17 ooty
10 10 20 30 400 10 20 30
s
0.5 § 0 fo‘;‘;n{:’em.nw
v
0 -40 2
0 10 20 30 0 10 20 30
t t

Fig. 5 Performance of modified controller under general disturbance.

response to attitude errors that is vital to the control objective, but
ko (and y;) must be selected appropriately to tune the controller and
avoid both the sluggish behavior and the wild oscillations seen in
Fig. 2.

Performance Under Disturbance Torques: Original Scheme

Ithas been shown that the presence of nonzero disturbance torques
disrupts the asymptotic convergence properties of the original con-
troller subject to Eq. (7). In this case the value of p? determines
the size of a residual error set to which attitude and angular veloc-
ity errors ultimately converge. This feature is demonstrated via the
simulations shown in Fig. 3. The spacecraft is subjected to constant
disturbance torque d =[4.5, —9, 13.5]7 N m, whereas the maxi-
mum disturbance value is taken to be d;,,x = 15 N m. The initial
attitude gain was set to ko = 2 rad/s for both simulations pictured in
Fig. 3.

Although the unmodified controller is unable to regulate the at-
titude under disturbances, it does bring the angular velocity and
attitude errors [shown as [lw||; and V()] to within the expected
neighborhood of the origin, where they remain indefinitely. Figure 3
makes clear the relationship between the sharpness factor p? and
the size of the residual error set: lower values of p? correspond to
smaller steady-state angular velocity errors.

Performance Under Disturbance Torques: Modified Scheme

Robustness of the modified controller in Egs. (5), (6), and (24)
to bounded unknown disturbances is demonstrated in the following
simulations.

The first simulation scenario is identical to the one shown in
Fig. 3, except that p? is allowed to vary in accordance with Eq. (24).
Figure 4 shows the results when the modified controller is applied
with p7 =0.3s7"and y, =4 x 10 kg™ m~2s.

As expected, allowing p? to approach zero in the modified con-
troller shrinks the residual error sets seen in Fig. 4 so that asymptotic
convergence is possible.

A final simulation is included to demonstrate all aspects of the
control scheme when applied in the presence of general time-varying
disturbances. In the final simulation the spacecraft is subjected to
unknown disturbances of maximum magnitude dp,x = 15 N m with
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Table 3 Disturbance settings for Fig. 5

i a,N-m b ¢is fiNemgis™h o hysT! m; fioos  dio,N-m

1 135 8w /7 —1.273 1.5 0.10 2 —/2 1.5 3.98

2 —12.0 2 /3 —2.840 3.0 0.10 b4 —m/2 3.0 8.21

3 10.5 2 /5 —4.760 —4.5 0.01 37/10 —5m/4 5.0 —12.28
components of the form The formulation presented in this paper is a particular manifesta-
4 = d - —12.3 tion of the variable-smoothness control concept, and many alternate
i(1) = dio. = to, =L formulations are possible. The novel ideas of a sharpness function
di(6) = a sin [ (t + ) and a dynam1c_ attitude gain are desirable in terms of thelr analytical
(1) = a [ i+ ) ] features and simulated performance, but the expressions used here
+ fiexpl—Ig:i|(t — tio)] sin(h;t + m;), t> 1 (34 to implement those ideas could potentially be modified without sac-

stant initial torque value. The signal described by Eq. (34) is intended
to mimic a disturbance process with high initial rates (e.g., noisy
transient behavior) that eventually converges to a lower-frequency
time-varying steady-state signal. Figure 5 shows the performance of
the controller when this disturbance is acting, and the design param-
eters are set at the values listed in Table 2. Note that the disturbance
signal given by Eq. (34), with the parameters listed in Table 3, is
plotted in the right column and second row from the top of Fig. 5.

Figure 5 shows that the control signal swings away from its sat-
uration limits during the initial phases of operation (high w) and
smoothly transitions to a disturbance-tracking mode as time in-
creases. The control rates can be seen in Fig. 5 to be reasonable:
they do not increase dramatically as p> — 0. Indeed the control
takes on high rates only when the disturbance is of high frequency.
Although the unbounded nature of p~2 gives rise to numerical
problems in simulations of long duration, the case shown here has
been seen to converge to ||g|l, < 10~° within 80 s, by which time
pra3x1077 57

where |Ll,'| + |ﬁ| = dmaxy Ci = — fios and dio € [_dmaxa dmax] isacon-

Conclusions

Attitude control systems for current and future spacecraft, includ-
ing the Next-Generation Space Telescope and space-based lasers
among others, are subject to increasingly stringent performance re-
quirements. Many of these spacecraft also rely on deployable ap-
pendages and sparse structural layout, which make them increas-
ingly flexible and susceptible to high-frequency dynamic excitation.
This paper is motivated by the need for precise spacecraft attitude
control techniques that account for actuator saturation in the pres-
ence of unmeasured disturbances without exciting high-frequency
dynamics. By allowing smooth control without sacrificing stability
results, the proposed approach meets that need.

The primary contribution of this work is a rigorous theoretical
proof that a smooth control signal with time-varying sharpness can
be used to offset the disadvantages of existing saturation-respecting
controllers. The concept replaces the ad hoc approximate sign func-
tions and boundary layers commonly introduced to avoid those dis-
advantages in the current literature. Unlike existing attempts to use
continuous control to this end, the approach presented here pro-
vides truly global results backed up by a complete stability proof.
Angular velocity errors are guaranteed to vanish in the presence of
disturbances regardless of parameter selections or features of the
maneuver. Although asymptotic convergence of the attitude error
to the origin is not ensured in this case, practical design guidelines
are shown to be effective in regulating residual orientation errors.
The only significant limitation apparent in this formulation is the
need for the sharpness function to approach zero over time, which is
fundamental to the goal of completely rejecting arbitrary bounded
disturbances: analogous limitations exist in all comparable formu-
lations available in existing literature.

rificing any of the stability results. Likewise the use of hyperbolic
tangent functions, although fundamental to the structure of this for-
mulation, might be just one among many ways to implement the
underlying concepts for saturated attitude control.
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